Abstract. Most of the examples of wavelet sets are for dilation sets which are groups. We find a necessary and sufficient condition under which subspace wavelet sets exist for dilation sets of the form AB, which are not necessarily groups. We explain the construction by a few examples.
Introduction
Wavelets and frames have become a widely studied tool in mathematics and applied science. One of the obvious questions is the construction of wavelets with given properties. The classical wavelet system on the line is given by a function ψ ∈ L 2 (R), such that the dyadic dilates and translates of ψ form an orthonormal basis for L 2 (R). Thus, {ψ j,n } j,n∈Z with ψ j,n (t) = 2 j/2 ψ(2 j t + n), is an orthonormal basis for L 2 (R). There are several obvious generalizations: One can replace 2 by any integer N ; one can allow several wavelet functions ψ 1 , . . . , ψ L ; and one can consider an orthonormal basis for a closed subspace of L 2 (R). There have also been several publications of wavelets in higher dimensions, cf [1, 2, 3, 5, 10, 12, 13, 14, 21, 22, 23] to name few. One of the differences in higher dimensions is that we now have many more choices in the sets of dilations and translations. So, to fix the notation, let D ⊆ GL(n, R) and T ⊆ R n be countable sets. A (D, T )-wavelet is a square integrable function ψ with the property that the set of functions (0.1) {| det d|
forms an orthonormal basis for L 2 (R n ). The set D is called the dilation set and the set T is called the translation set. If we replace L 2 (R n ) in the above definition by
for some measurable subset M ⊆ R n , |M | > 0, we get a (D, T )-subspace wavelet. Here F stands for the Fourier transform F (f )(λ) = R n f (t)e −2πi t,λ dt .
We will often writef for the Fourier transform of f . The most natural starting point is to consider groups of dilations and full rank lattices as translation sets. The simplest examples would then be groups generated by one element D = {a k | k ∈ Z}, see [24] and the reference therein. In [22, 23] more general sets of dilations were considered, and in general those dilations do not form a group. Even more general constructions can be found in [1] .
In this article, we consider a special class of wavelets corresponding to wavelet sets. Those are wavelet functions ψ such that F (ψ) = χ Ω , for some measurable subset Ω of R n . The wavelet property is then closely related to geometric properties of the set Ω, in particular spectral and tiling properties of Ω. The study of wavelet sets then becomes an interplay between group theory, geometry, operator theory and analysis, cf [8, 6] . Our main results are existence theorems for such wavelets for some special dilation sets D which are not necessarily groups, see Theorem 2.1 and Theorem 2.3.
The article is organized as follows. In Section 1 we recall some well known facts on wavelet sets and their spectral and tiling properties. In Section 2 we give a construction of a special type of subspace wavelet set and we continue with two examples of such sets in Section 3. In Section 4 we discuss the general framework that has motivated the construction in this article. Those are the prehomogeneous vector spaces.
Wavelet sets
In this section we recall some basic facts about wavelet sets. In particular we discuss their relation to spectral sets and to tilings. A standard reference is the work by Y. Wang [26] . See also the discussion in [23] and the reference therein.
Set e λ (ξ) = e 2πi λ,ξ . If Ω is a Lebesgue measurable subset of R n , then
denotes the measure of Ω with respect to the standard Lebesgue measure on R n . Definition 1.1. A set Ω ⊆ R n with 0 < |Ω| < ∞ is a spectral set if there exists a set T ⊆ R n such that {e λ | λ ∈ T } is an orthogonal basis for L 2 (Ω). The set T is called a spectrum of Ω, and (Ω, T ) is said to be a spectral pair. Definition 1.2. A measurable tiling of a measure space (M, µ) is a countable collection of subsets {Ω j } of M , such that µ(Ω i ∩ Ω j ) = 0 , for i = j, and
1) We call D a multiplicative tiling set of M if there exists a measurable set Ω ⊆ R n , |Ω| > 0, such that {dΩ | d ∈ D} is a measurable tiling of M . The set Ω is called a multiplicative D-tile for M or simply a multiplicative tile; 2) We call T an additive tiling set of R n if there exists a measurable set Ω ⊆ R n , |Ω| > 0, such that {Ω + t | t ∈ T } is a measurable tiling of R n . The set Ω is called an additive T -tile or simply an additive tile; 3) A set Ω is called a (D, T )-tile for M if Ω is a D-multiplicative tile for M and a T -additive tiling set for R n .
Remark 1.4. If M = R n then we will simply speak of multiplicative tiling and (D, T )-tile, without the reference to M . Remark 1.5. Note, that we do not assume that DM ⊆ M or even
Neither do we assume that there exists a zero set Z, such that Ω ⊆ M ∪ Z. That will always be the case if id ∈ D. It should be noted, that we can always, without loss of generality, assume that id ∈ D and Ω ⊆ M . To see that, fix a d ∈ D and replace D by Dd −1 and Ω by dΩ ⊆ M (up to a set of measure zero). Note, that if D is a group, then Ω ⊆ M , and (1.1) follows from the tiling property (1).
The spectral property of a set is closely related to the tiling property, in particular if the spectrum is a lattice. This was first noticed by Fuglede in [11] . For a nonempty subset T ⊂ R n , set
If T is a lattice, then so is T * . In that case T * is called the dual lattice of T . Theorem 1.6 (Fuglede [11] ). Assume that T is a lattice. Then Ω is a spectral set with spectrum T if and only if {Ω + t | t ∈ T * } is a measurable tiling of R n .
This result and several examples led Fuglede to conjecture, cf. [11] :
Conjecture 1 (The Spectral-Tile Conjecture). A measurable set Ω, with positive and finite measure, is a spectral set if and only if it is an additive tile.
Several people worked on this conjecture and derived important results and validated the conjecture for some special cases, see [15, 16, 17, 20, 26] and the references therein. However, in 2003, T. Tao [25] showed that the conjecture is false in dimension 5 and higher if the lattice hypothesis is dropped. The other direction was disproved by M. N. Kolountzakis and M. Matolcsi in [19, 18] . But even now, after the Spectral-Tiling conjecture has been proven to fail in higher dimensions, it is still interesting and important to understand better the connection between spectral properties and tiling in particular, because of the connection to wavelet sets. Theorem 1.7 (Tao [25] ). Let n ≥ 5 be an integer. Then there exists a compact set Ω ⊂ R n of positive measure such that L 2 (Ω) admits an orthonormal basis of exponentials {e λ | λ ∈ T } for some T ⊂ R n , but such that Ω can not tile R n by translation. In particular, Fuglede's conjecture is false in R n for n ≥ 5.
We now discuss briefly some results by Dai, Larson, and Speegle [8] . For that assume that G and T are countable groups acting on a measure space (M, µ) by measurable automorphisms. We think of G as "dilation" group and T as translations. We write correspondingly the action of G by m → gm and the action of T by m → t + m. Two sets E and F are said to be G-dilation congruent, E ∼ G F , if there exist measurable partitions {E i } and {F i } of E and F , respectively, such that F i = g i E i for some g i ∈ G. Similarly, two sets E and F are said to be T -translation congruent, E ∼ T F , if there exist measurable partitions {E i } and {F i } of E and F , respectively, such that F i = t i + E i for some t i ∈ T .
In 1996, the above three authors showed in [8] , that wavelet sets exist for groups of dilations. They first introduce the notion of abstract dilation-translation pair. In [8] the following is proved:
. Let M be a metric space and (D, T ) an abstract dilation-translation pair with θ a D fixed point as above. If E and F are bounded measurable sets in M such that E contains a neighborhood of θ and F has nonempty interior and is bounded away from θ, then there exists a measurable set
We now apply this abstract result to
Note that the Fourier transform of ψ d,γ is given by
Remark 1.11. Note again that we do not assume that Ω ⊂ M , nor that DM = M up to set of measure zero, but this follows if id ∈ D. As in Remark 1.5 one can always assume this by replacing
We get from Theorem 1.9:
. Let a be an expansive matrix, and let M ⊆ R n be a measurable set of positive measure such that
There are several generalizations of this Theorem. We refer to [23] for discussion and references. We will only mention two important results here: Theorem 1.13 (Dai-Diao-Gu-Han [6] ). Let M be a measurable subset of R n , with positive measure satisfying a T M = M , for some expansive matrix a, and let T be a full rank lattice. Then there exists a set Ω ⊆ M such that {Ω + t | t ∈ T } is a measurable tiling of R n and {(a
Theorem 1.14 (Wang [26] ). Let D ⊆ GL(n, R) and T ⊆ R n . Let Ω ⊆ R n be measurable, with positive and finite measure. If Ω is a measurable D T -tile and (Ω, T ) is a spectral pair, then Ω is a (D, T )-wavelet set. Conversely, if Ω is a (D, T )-wavelet set and 0 ∈ T , then Ω is a measurable D T -tile and (Ω, T ) is a spectral pair.
Let us sketch some of the ideas of the proof to underline the connection between spectral properties, tiling, and wavelet sets. Let ψ = F −1 χ Ω . As the Fourier transform is an unitary isomorphism, it follows, that the set
Here, as before, we have set
A simple calculation shows that
The orthogonal projection onto
The spectral property implies, that {e t } t∈T is an orthogonal basis for L 2 (Ω). As the
follows, that the set of functions
. Putting those two things together, implies that
. We refer to [23] for further discussion and generalizations of Theorem 1.14.
Existence of subspace wavelet sets
In this section we discuss how to construct subspace wavelet sets using a kind of "induction" process, i.e., using well known facts discussed in the previous section on smaller dilation sets acting on a smaller frequency set and then extending those to our bigger dilation set and frequency set. We start with two simple, but important, observations. For A, B ⊂ GL(n, R) we say that the product
We state the following simple Lemma, but note, that we will be using the proof more than the actual statement. We remark, that the statements in the next few lemmas and theorems hold for more general settings, i.e., one could replace R n by a measure space and GL(n, R) by a group of automorphisms of M . Remark 2.2. We would like to remark at this point, that we do not assume that Ω ⊆ M , nor that N ⊆ M . But this will in fact be the case in most applications because D will contain the identity matrix. Recall also from Remark 1.5 and Remark 1.11 that we can always assume that id ∈ D and Ω ⊆ M up to set of measure zero. The same remarks hold for the following Theorems. Then, as above, we see that AN is a measurable tiling of M . As Ω is a spectral set, it follows from Theorem 1.14 that Ω is a (M, T )-wavelet set for N .
Assume now that N is a N T -tiling for M , and that Ω 1 is a (M, T )-wavelet set for N . Then, in particular Ω 1 is a B-tile for N . As AN is a measurable tiling of M , it follows that L T Ω 1 is a measurable tiling of M . As Ω 1 is a spectral set it follows from Theorem 1.14 that Ω 1 is a (L, T )-wavelet set for M .
Recall that if D ⊆ GL(n, R), and G ⊂ GL(n, R) is a group that acts on D from the right, then there exists a subset D 1 ⊆ D, such that D = D 1 G and the product is direct. Note, that we do not assume that G ⊂ D. Then, as before, we see that Ω is a (D, T )-wavelet.
Two simple examples
Before we discuss more general situations in the next section, let us explain our results by two simple examples. 
2π/m |1 < x < a}. It is clear that (D a,m , T ) is an abstract dilation-translation pair with a fixed point 0. By Theorem 1 in [8] , it follows that there exists a measurable set W such that W and E are T -translation congruent, and W and F are D-dilation congruent. On the other hand, F is a D a,m -multiplicative tile and {E, T } is a spectral pair. It follows that W is a D a,m -multiplicative tile and {W, T } is a spectral set. Thus, by Theorem 1.14 W is a (D a,m , T ) wavelet set.
.
Note that D is not a group anylonger. Let
2 -additive tile and that F is a D-multiplicative tile. Following the same procedure, we get a set W such that W and E are Z 2 -translation congruent, W and F are D-dilation congruent and so, it follows that W is a D-multiplicative tile and {W, Z 2 } is a spectral set. Thus, W is a (D, Z 2 ) wavelet set. The wavelet set W has the form
The description of the set W i,j is as follows
For j ≥ 2, we have the following formulas
More general examples
The results in Section 2 give us tools to construct wavelet sets or subspace wavelet sets. In this section we discuss some general settings for our results. Those examples were discussed in [10, 22, 23] and the results therein were one of the main Figure 2 . The set W .
motivations for starting this work. We refer to the above articles for more information and details. The starting point is a subgroup H ⊆ GL(n, R) such that H T has finitely many open orbits U 1 , . . . , U k in R n such that
In this case, the pair (H, R n ) is called a Prehomogeneous vector space. Furthermore, we assume that
is compact for all u ∈ U j , j = 1, . . . , k. The reason for those assumptions is, that this implies that H is admissible in the sense of [21, 27] , and we can define the continuous wavelet transform. In fact, there exists a function
for almost all x ∈ R n . Here dh stands for a left-invariant Haar measure on H. Note, that we need the transpose of h here, because of the action in the frequency domain, cf (1.3) .
Let G := R n × s H be the semi-direct product of the groups R n and H. This is a natural generalization of the (ax + b)-group in one dimension. Define W ψ :
is an unitary isomorphism onto its image in L 2 (G) was shown in [10] . It is the continuous wavelet transform. The inverse of W ψ is given by the weak integral:
We refer to [10] and Section 2 of [23] for detailed discussion and proofs. The natural question now arises to find a discrete version of the inversion formula (4.2). Note, that we can replace L 2 (R n ) by the subspaces L 2 Uj (R n ) and define a continuous wavelet transform on each of those spaces. This is where the connection to the first part of this article comes into play. 
and
The cone Ω is said to be homogeneous if G(Ω) acts transitively on Ω and self-dual if Ω * = Ω. The cone Ω is symmetric if it is homogeneous and self-dual. Then there exists a solvable Lie group H = AN ⊂ GL(n, R), such that H acts freely and transitively on Ω. Here N is simply connected and nilpotent, the group A is simply connected and abelian, and A normalizes N . Note that R + id ⊂ A is a one dimensional subgroup containing an expansive matrix. Furthermore R + id commutes with all elements in H. This example is important in the study of Hardy spaces on R n as well as Besov-spaces associated to symmetric cones, c.f., [4] As in Section 3 of [23] we consider the case where the group H can be written as a semi direct product H = AN R = N AR = RAN such that 1) R is compact, commutes with A, and normalizes N ; 2) A is simply connected abelian and normalizing N ; 3) the map
is a diffeomorphism; 4) There exists an expansive matrix a ∈ A which is central in the group H; 5) there exists a co-compact discrete subgroup Γ N ⊂ N .
In examples one of the groups can be trivial, and one could also use the group AR to fit the examples directly to the previous sections. Those assumptions includes all the examples above.
Assume now that M is one of the open H T -orbits. For simplicity we assume that H T acts freely on M , otherwise we will have to be a little more careful about the choice of Γ R . Let F N be a compact (or precompact, measurable) subset of N , such that N = F N Γ N is a measurable tiling of N . Let Γ A ⊂ A be a co-compact subgroup in A. Choose compact (or precompact measurable) subsets F A ⊂ A such that A = F A Γ A is a measurable tiling. Finally let Γ R ⊂ R be a finite subgroup and F R a compact (or precompact measurable) subset such that F R Γ R is a measurable tiling of R. Set The factor |Ω| −1/2 is included to make ψ into an orthonormal wavelet function. Note, that the assumption that the central element a as above exist is not satisfied for arbitrary groups H, even if H has finitely many open orbits, whose union is dense. As an example take the group H = a t 0 1/a | a > 0, t ∈ R acting on R 2 . There are two open orbits, y > 0, and y < 0. Here A is the subgroup of diagonal matrices, and N is the subgroup of upper triangular matrices with 1s on the diagonal. In this case, the center of H is trivial. Note, that H is isomorphic to the (ax + b)-group, hence this is in fact an example of the (ax + b)-group acting on R 2 .
